Signals and Systems
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Lecture #9
2 October 2003

The Convolution Property of the CTFT
Frequency Response and LTI Systems Revisited

Multiplication Property and
Parseval’s Relation

The DT Fourier Transform




/ The CT Fourier Transform Pair \

(t) e X(jw)

X(jw) :/ r(t)e tdt  —FT
— 00 (Analysis Equation)

1 [~ -
x(t) = —/ X(jw)e!“"dw — Inverse FT
2T J o (Synthesis Equation)

Last lecture: some properties

\ Today: further exploration /




Convolution Property
y(t) = h(t) x 2(t) «— Y(jw) = H(jw) X (jw)
where h(t) «— H(jw)

A consequence of the eigenfunction property:
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coefficient a

qeiwt . h(t) ~H (jw)aelw?
y(t) = f (H(gw)ziX(]w)dw) pdwt
H(jtu) a
I . . ot : :
= oo H(jw)X(jw) e”"dw  Synthesis equation

Y (jw) for y()




The Frequency Response Revisited
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Y
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L impulse response

~y(t) = h(t) * z(t)

Y (jw) = H(jw)X (jo)

™~ frequency response

The frequency response of a CT LTI system is simply the Fourier
transform of its impulse response

Example #1: r(t) = elwot

Recall

H(jw) ~y(t)

Y

eIt 216 (w — wo)

= H(jw)2md(w — wo) = 27 H (jwy)d(w — wp)

Y(jw) = H(jw) X (jw)

|l inverse F'T
y(t) = H(jwo)e’




Example #2: A differentiator

Differentiation property: Y (jw) = jwX(jw)

4
H(jw) = jw

1) Amplifies high frequencies (enhances sharp edges)

- an LTI system

phase shift

/

wo cos(wot + 5)

_ . /5 Larger at high o,
2) +7/2 phase shift (j = e/™/2) /
% sinwpt = wpcoswot =  wopsin(woet + 5)
% coswgt = —wpsinwyt =




Example #3: Impulse Response of an Ideal Lowpass Filter
h(t) = — eIt dw
1 2 .
_ sinwt
B Iy
—W, . ®
. We . Wel
Questions: Dl
1) Isthis a causal system? No. :
: Y Define: sinc(f) = smg@
w

2) What is 4(0)?

h(t)

ag

.

1 [ ‘ 2w, W
h(0) = Q_WLOOH(JWMWM el
3) What is the steady-state value of
the step response, 1.€. s(0)?
v
F(z) _ / h(t)dt
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Example #4:

Cascading filtering operations

e.g.
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- H(w) - H(o)

\_/’/_\/\/
H(o) = H,(jo) H,(jo)

H (o) = H,(jw)

U

H(jo) = H(jw) has a
sharper frequency
selectivity




Example #5: sindnt sin&nt _ 0 Y(jw) _ X(jw)

* —
. x% -~ h% - = y(t) = x(t)
u |
X(jm) H(jw) Y(jm)
1 y 1 - 1
—4n At ® —8x 8n —4r it

Example #6: Cat? b2 _ o 4 —— e ()t

R R ST
il 7 el — a )
a b v ab

Gaussian x Gaussian = Gaussian = ..¢qian * Gaussian = Gaussian




Example #2 from last lecture

s
O
&
N’
I
8
SR
==,
N— .. °
m [N J
d
€
~
QL
~
I
(D\.>
8
ml
Q
~
D
d
&
\ [
ol
~

"

0 .'..a/ —|_ ]w ..':

IX(jo)l = 1/(a%+ o?)'" £X(jo) = tan” (w/a)
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- a rational function of jw, ratio of polynomials of jw

|} Partial fraction expansion
1 1

T 14w 24w

|} inverse FT
\ yit) = e = e ut) /

Y (jw)




Example #8: LTI Systems Described by LCCDE’s

(Linear-constant-coefﬁcient differential equations)

>t -3t

k=0

dtk dtk

Using the Differentiation Property

d*x(t) , ,
|} Transform both sides of the equation
N
Y ag - (jw)'Y (jw) Zbk (jw)* X (jw)
k=0 1) Rational, can use
Y PFE to get A(¢)
M Nk 2) If X(/a)) 1s rational
b
Y(](.U) — ZJ]{:VZO kf(jw> X(]C&)) eg 117 Zce at
> L—0 Ak (jw)F then Y(]a)) is also rat10nal
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H(jw)




/ Parseval’s Relation
/ (D) 2dt = —/

X (jw)|[*dw
1 :
— I d %\X(JW)P
t ner t ner .
in thg ’?irr?e—edogri,lain in the geﬁuzniyg—ﬁomain - Spectral denSIty
Multiplication Property
FT 1s highly symmetric,
2(t) = = / X (jw)e?tdw, X (jw) £ / z(t)e 3¢t gt
27[- — 00 — 0
We already know that:  5(4) x y(¢) —— X (jw) - Y (jw)
Then it isn’t a 1 . :
: x(t) - y(t — X (Jw) * Y (Jw
surprise that: Rl 2 w) x ¥ (jw)

1 [ , , Convolution in ®
— 5= [ XUOY(( - )8

— A consequence of Duality




/ Examples of the Multiplication Property \

) =s(t) plt) > R(jw) = o-[S(w) * P(jw)

For p(t) = coswot «— P(jw) = md(w — wy) + 70 (w + wp)

U

For any s(2) ...

R(jw) = 5S(i(w —w0)) + 557w +w0))

- /




Example (continued)

wop —wi >0

S(jo)
A
r(t) = s(t) - cos(wqt) o, o; o
Amplitude modulation
(AM)
T P(jo) T
~Wg ®g (0]
: L., . :
R(jw) = 5[5(3 (w—wp)) R(io) =21—n[S(jm) « P(0)] Drawn assuming:
+5(j(w +wo))] N
2 :
1.€6. Wy > wiq
PAN S\
-y T Wy T ®
(-0 - @) (-0 + ) (o - @) (@ + @)




The Discrete-Time Fourier Transform

Derivation: (Analogous to CTFT except e/“™ = eJ(w+2m)n)
e x[n| - aperiodic and (for simplicity) of finite duration
e N is large enough so that z[n] =0 if |n| > N/2

e %[n| = x[n| for |n| < N/2 and periodic with period N

il
Ml el ol
#[n] = z[n] for any n as N — oo
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X (e?¥)

DTFT Derivation (Continued)

2T

Z apel o g = ~ DTFS synthesis eq.

k=<N>

1 .
N Z f[n]eﬂkwon

n=<N>

DTEFS analysis eq.

— periodic in w with period 27




DTFT Derivation (Home Stretch)

1 .
53[7?,] _ Z NX(ejk:wo) jkzwon _ Z X jkzwo jkzwon (*)
k=< N>\ P . T Z<N>
ag
As N — oo z|n] — z[n] for every n

wOHO,ZwO%/dw

The sum in (*) — an integral

|l The DTFT Pair

1 . .
rn] = — / X(e?%)e?“" dw Synthesis equation
27 o
ny 4m ] Jw) —jwn : '
torval 1w X (ed¥) n_z;oo x[nle Analysis equation
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