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Signals and Systems
Fall 2003

Lecture #23
4 December 2003

Geometric Evaluation of z-Transforms and DT Frequency
Responses

First- and Second-Order Systems
System Function Algebra and Block Diagrams
Unilateral z-Transforms




Geometric Evaluation of a Rational z-Transform

Example #1:
X1(z) = z — a - A first-order zero
Im
Example #2:
1 z-plane
Xo(z) = - A first-order pole
z —1a 2—1\ Z,
X2 (2)| = , LXo(z) = —LX4(2) Zy-a
X1 (2)
Z(z4-a)
: Hil('z ) ~< — 1
Example #3: X (z) = Mﬂf_l(z o) a a Re
Hf; 2 — il
X (2) ‘M‘HP 1‘ —
j=117 7 All same as
R P In s-plane




Geometric Evaluation of DT Freguency Responses

First-Order System
— one real pole

Unit circle

H(z)
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Second-Order System

Two poles that are a complex conjugate pair (z,= rel?=z,")
22 B 1

(z—21)(z —22) 1—(2rcos@)z=t+r2z=2’

1 I sin[(n + 1)6]
‘(ejw — TejQ)(ejw — 7"6—9'9)’ ) h[ ] =

H(z) = O<r<l, 0<60<nm

uln]

H)| =

sin

Clearly, |H| peaks near = =6
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Demo: DT pole-zero diagrams, frequency response, vector

diagrams, and impulse- & step-responses
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DT LTI Systems Described by LCCDEs
N

Zakyn— Zbk:vn—

k=0

Use the time-shift property
N

Z a,kz_kY Z bkz_kX

k=0

—k
H(z) = 2]@:0 ki Rational
—k
Zk:o ARz

ROC: Depends on Boundary Conditions, left-, right-, or two-sided.

For Causal Systems = ROC is outside the outermost pole




System Function Algebra and Block Diagrams

elnl Hi(2)
h:[n] > y[n]

Feedback System e u
(causal systems)

':2[(51) e negative feedback
: configuration

Y H
H(z) = XEZ)) T L H z(ﬁl (2)
Z it Z Z
Example #1: Eha ?
x[n] ;@ > y[n]  x[n] - @ > y[n]
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Example #2:

1 —2271 1
H(z) = 12 = ( - ) (1 —-2z"1) — Cascade of
1 — 327! 1 — 27! two systems
x[n]—i—:-—@ r—@—»— y[n]
1 by f
z |z
i —l—*—-—-——-— -2
X[N]——(+) >~(+ —yIn]
i X
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Unilateral z-Transform

>3O
X(2) = Y aln]z "
{n=0
Note:

(1) Ifx[n]=0forn<0,then X (z) = X(z)

(2) UZT of x[n] = BZT of x[nJu[n] = ROC always outside a circle
and includes z = w0

(3) For causal LTI systems, H(z) = H(2)




Properties of Unilateral z-Transform
Many properties are analogous to properties of the BZT e.g.

e  Convolution property (for x,[n<0] = x,[n<0] = 0)

r1[n] % w2[n] < Xy (2)Xa(2)

« Butthere are important differences. For example, time-shift

yln] = zn — 1] «— Y(z) =2[-1]+ 27 X (2)
Derivation: \ " .

Inlté%l condition

0@

V(z) = Z yln|z™" = Zx[n —1]z7" =z[-1] + Zx[n —1]z7"

= z[—1]+ 271 Z x[(m]z="

. —

X (z)




Use of UZTs in Solving Difference Equations
with Initial Conditions

yln| +2y[n — 1] = zin|

@7
yl=11 =5, elnl = auln] — ———
UZT of Difference Equation
MZ{y)[?—l]}
£ _ > Q!
V() +2[8+ 27 V(E)] =
23 :
84
y@y__}+2f€+(L+%fUﬂ—zq)

ZIR ZSR

ZIR — Output purely due to the initial conditions,
ZSR — Output purely due to the input.




Example (continued)

B=0 = System is initially at rest:

1 o
pu— X pu—
L e e e s
HE) o XG)
1

H() = H(:) = 75

o =0 = Get response to initial conditions

2
ZIR V(z) = T 262_1

yln] = —26(=2)"uln|




